stichting

mathematisch

centrum MC
AFDELING NUMERIEKE WISKUNDE NW 41/77 APRIL

(DEPARTMENT OF NUMERICAL MATHEMATICS)

K. DEKKER

GENERAL IZED RUNGE-KUTTA METHODS FOR COUPLED
SYSTEMS OF HYPERBOLIC DIFFERENTIAL EQUATIONS

Preprint

2e boerhaavestraat 49 amsterdam

e AT OMATIOH Sl
BIBLIOTHEER MATTC AATISCH C
AMM‘;H;}AM




winted at the Mathematical Centre, 49, 2e Boerhaavestraat, Amstenrdam.

ne Mathematical Centre, founded the 11-th of February 1946, 48 a non-
o git Anstitution aiming at the promotion of pure mathematics and its
oplications. 1t is sponsored by the Netherlands Governmment through the
2therkands Organization for the Advancement of Pure Research (Z.W.0).

)S) subjéct classification scheme (1970): 65L05, M10, M20




\TS
Introduction.
'he generalized Runge-Kutta method.

jonditions for the parameter matrices.
jonsistency conditions.
storage requirements.

stability requirements.

reneralized second order formulas for a res
itabilized second order formulas.

JImost second order formulas using two arre
iecond order formulas using three arrays of

trongly stable formulas.

\EFERENCES

NOW N o

i







‘eneralized Runge-Kutta methods for coupled systems of hyperbolic differen-

*)

ial equations.

.. Dekker

BSTRACT

Runge-Kutta formulas are discussed for the integration of systems of
ifferential equations. The parameters of these formulas are square matrices
'ith component-dependent values. The systems considered are supposed to orig-
nate from hyperbolic partial differential equations, which are coupled in
. special way. In this paper the discussion is concentrated on methods for

class of two coupled systems. For these systems first and second order
ormulas are presented, whose parameters are diagonal matrices. These formu-
as are further characterized by their low storage requirements, by a reduc-
ion of the computational effort per timestep, and by their relatively large
tability interval along the imaginary axis. The new methods are compared
ith stabilized Runge-Kutta methods having scalar-valued parameters. It turns

ut that a gain factor of 2 can be obtained.

EY WORDS & PHRASES: Runge—Kutta formulas, ordinary differential equations,
hyperbolic partial differential equations, extended

stability region.
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TRODUCTION

Runge-Kutta methods for second order differential equations with pre-

d initial values are well known in literature (e.g. ZONNEVELD [8],

ERG [1]). When the first derivative does not occur in the second equa-
these special methods are more efficient than comparable methods for
order equations; for example, they may attain a higher order of ac-—

y with the same amount of derivative evaluations, or may possess a

r stability region (VAN DER HOUWEN [5]). When the second order equa-

is transformed into a system of two first order equations, these spe-

methods may be considered as generalized Runge-Kutta methods whose
leters are square matrices. Evidently, these generalized methods derive

usefulness from taking into account the special structure of the .

ian matrix of the resulting equations.

In this paper we will start to investigate generalized Runge-Kutta

ds, which are not restricted to systems resulting from second order
ions, but which apply to systems of the type

->
dyi

- -> -> .
—a?:fi(yl""’yk)’ 1=],--.,k_,

i=1,...,k, being prescribed at x = Xye We observe that each compo-
of this system in itself is a vector of a certain length, which is
lecessarily the same for each component. Systems of this type may arise
plying the method of lines to a coupled system of hyperbolic or para-
- partial differential equations. When the Jacobian matrix of (1.1),

. by
J.. = s i=1,...,k, j=1,...,k,

arse, it is likely that generalized Runge—Kutta methods are more effi-

. than ordinary Runge-Kutta methods.

In the next sections we will describe the generalized Runge-Kutta me-
and derive conditions for consistency (up to order 2) and for low

lge requirements. The stability analysis is performed by imposing con-




itions on the Jacobian matrix, which are fulfilled for a wide class of
yperbolic systems. This particular choice is motivated by the fact that
e want to investigate generalized Runge-Kutta methods for the two-dimen-—
tonal shallow water equation (KREIS [6]) in a forthcoming paper.

In section 4 we restrict ourselves to problems consisting of two cou-
led systems (k=2 in 1.1), of which %2 does not depend on ;2. Second order,
-point formulas using two or three arrays of storage are constructed. In
he latter case the resulting stabibity condition reads
1.3) hns%‘%), m odd.
ere 0(J) denotes the spectral radius of the Jacobian matrix J. The number
f derivative evaluations per ‘time step for these formulas, however, is
ess than m, viz. E%%, so that we effectively have a stability limit of
(m-1)/(m+2). Thus, asymptotically a factor 2 is gained over ordinary sta-
ilized second order Runge-Kutta methods, which have an effective stability
imit of (m-1)/m (VAN DER HOUWEN [3]).

In the near future numerical results will be reported obtained by the
2w fecrmulas, applied to the wave equation and the equation of the flow in
narrow canal. Also, we intend to construct generalized methods for pro-

Llems consisting of three coupled systems.
. THE GENERALIZED RUNGE-KUTTA METHOD

Consider the system of differential equations (1.1). In order to sim-—

lify the notation we introduce the variables

L)y = Gyt and £ = G0, E o0

The generalized m-point Runge-Kutta method is defined by




(0)

5

n+l n
. -1 ¢D) .
(3 J N., f(y ), j=1,...,m,
y =M.y +h X jl n+l
n+l J'n ;20
_ ()
T+l n+l’

denotes the numerical approximation to the solution at the
Y41 PP y

x = x_ + h ; The quantities M. and N.
n n ] jl

entries are matrices, too, the size depending on the dimensions of

stand for k x k matrices,
-5

A

.E 2.1, Consider the method for second order differential equations

d 3 > > d;

———2— = g(W9 E;(')s

ibed by ZONNEVELD [19647:

= >1
z = 5
n n
(1) -> >(1) -> > >
= + = +
n+l  "n hnzn’ n+l n hng(wn’zn)’
w . =w +hz + e ,2)
Yo+l T Yp nn 2 n®Wnr%nle
> -> > > > > >(1) =>(1)
= +l .
Wn+1 Zn 2hn {g(wn,zn) * g(Wn+l’ zn+])}

7e define y = (3,?)T and f = (;5§)T, this method can be represented

1eme (2.2) where m=2 and

o I nT - 0 0
A PR T W
- 0 éhnI} . 0 0
20 | 11 / > 21 0 i1 ’

:se expressions I denotes the unity matrix of appropriate order. The

‘ence of this matrix in an off-diagoral position is allowed, becausec




FEN

the vectors % and z (=$') have the same number of components.

Note, however, that the representation (2.4a) is not unique. Another
choice for the parameter matrices reads

I 0 i1 o

(2.4b) M =M =N _ = s N,~ =N, = s
0 I 0 i1
so that the method reduces to an ordinary Runge-Kutta method for a system
>f equations.

A less trivial example is given in VAN DER HOUWEN [5]:

iXAMPLE 2.2.: Consider the method for second order differential equations

vithout first derivatives, described by

R RN

- _ > >4 1 + ln 2 l 2> Pt

Vel Wn + hnwn + 2hng(wn zhnwn + 16hng(wn + 2hnwn)),
(2.5)

>, _ > > > 1. 2 l 2> > 1.

Vel T Yt hng(wn * 2han * l6hng(wh * zhnwn))'

Jsing the same conventions as in the previous example, we can represent

:his method by m=3 and

I ih I\ I hI
Mp= My = S My E
0 I / 0 I
1
0 -hT 0 ihI
16 2
(2.5a) Not= s N3y = S
0 o0 0 I
N, =N, =N_=N_ =0,

: _
I\'2] | 1

(3]
(3]
o
|
——
o
o
2
li
o
o
\_—//
2
1]
—T TN
o
(o]
N~— —




emark that, although (2.5b) defines a five-point formula, it evidently

ires only two evaluations of the second derivative g, namely those with
(3)

and Yo+

as arguments.
ONDITIONS FOR THE PARAMETER MATRICES

In this section we will derive the conditions which should be imposed

he matrices M. and N.. in order to ensure second order consistency,
J

mal storage requiremiits and stability. Whereas we intend to derive
mes which are applicable to a restricted class of equations of type
), we will formulate the conditions in terms of the variables v,
f(yn)) and Jn, the Jacobian matrix at (xn,yn). In general, the condi-
s are very complicated; therefore we will simplify them by imposing

following restrictions on the parameter matrices:

) The matrices Mj and le, j=1,...,my 1 = 0,...,j-1, do not depend

on the Jacobian Jn.

) The matrices M. satisfy the relation Mj

=0(h ), j=1,...,m 1 =0,...,5I.

I+ O(hn), and the matrices

1 N
le satisfy hnxﬂjl

examples of section 2 show that (3.2) need not be a severe restriction,
-eas generalized RK-schemes whose parameter matrices depend on the Ja-

.an have already been analysed by several authors.

Consistency conditions.

The order equations for scheme (2.2) can be derived in the usual way

:» e.g. ZONNEVELD [8]) by expanding Yoe and the analytic solution of

1
) through the point y(xn) =y, in a Taylor—-series in hn’ and equating
corresponding terms.

The conditions for orders p up te 2 are listed in table 3.1.

"additional" condi-

shouls be remarked that table 3.1 presents for p=2
15, i.e. the conditions for second order consistency are the conditions

:ed for both p=1 and p=2.




able 3 nsistency conditions for scheme (2.2), applied to equation (1.1)
) 1) 0. _
=1 Yn * z le fn fn
_ (2) (1) 7 O My (0) (0> 1
=2 m In’ z N z 1 Jn' * X Np1 Ja z N f 2d Ens
=0 1=0 r=0
ere M{l) = {i—iMl(hn)} h = O’ 1 = 0,1’2, 1 = 1, oo gy
dh n
(i) _ 4’ _ _ i}
le = { T le(hn)} h = 0° i=0,1, 1=0,...,m1
dh n
Th itions given in table 3.1 determine the consistency of scheme
2.2) £ articular differential equation at a specific point. Requiring
hat (2 consistent for all problems of type (l1.1) yields the condi-
ions 1 in table 3.2; these conditions can easily be derived from
able 3 suitable subsitutions for Y, fn and Jn.
able 3 nsistency conditions for scheme (2.2)
1) _ 0,
=1
GO _
0 ml i
2) _ 0,
xD oo
0 ml
=2

1
0 1 )
N( )(p,q) M( )(r,s) =0, P, 95 F, s € [1,...,k]
0 ml 1

(O)( P»q ) ( )(r s) = ]quérs’ P, 4, T, s € [1,...,k]
0 0

re, N denotes the element in row p and column ¢ of the

ml(p,q)
trix Nm1’ whereas 8§ stand for the Kronecker function.




’LE 3.1. The scheme determined by (2.5a) does not satisfy the condi-

3 for p=1 given in table 3.2. As a consequence, scheme (2.5a) is gener-
not consistent of order one, when it is applied to an arbitrary system.
7er, scheme (2.5a) satisfies the conditions given in table 3.1, if the

>wing equalities hold:

0 1 I 0
y = f and
(oo " o o/ "
(o 1) 0 0 10
f + J f =Jf .
o o/ ™ \o 1/ ™\o o/ ™ =nn

. . . . . > >
2 equations are evidently satisfied when we substitute v, = (wn,w'),
n

(G;,E(%ﬁ)) and Jn = (gg g), so (2.5a) is consistent of order 2 for

WI . . . . .
md-order differential equations without first derivatives.
In a similar way one easily verifies that scheme (2.5b) is only con-

:ant of order two is the equality

0 0 I 0 I 0 0 0
J + J =J
o 1/ ™\o o o o/ ™\o 1 n

5, which again is the case when second order equations without first

7atives are considered.

Storage Requirements

As we intend to apply the schemes to large systems originating from
tal differential equations, attention should be paid to the storage
irements. We will derive here the conditions for schemes requiring two

chree arrays of storage (confer VAN DER HOUWEN [2]).
es requiring two arrays of storcge

The flow of computation in schemes which require only two arrays of

ige might be represented by the flow chart




G-1) (i

n+l Yn+1

% (J 1))
r by the formula

(J) G-1 (J 1) .
3.3) Yot DJ{ nrl + h E f(y ) j=1,
here Dj denotes a general matrix and Ej a iently .e matrix in
rder to compute the product without auxila rage.

Comparing (3.3) with scheme (2.2), we . the £ ng relations
or M. and N.._:
j il
J
Mj = 7 Dl’ j=1,...,m,
=1
3.4) 1J.
N..= T DE ., i=l,..., 1 =0, 1,

jl r=1+1 ¥ 1+1

limination of Dj and Ej yields
—) . _

3.5) le = Mj 1+1 1+1 j=1,.. 1 j-1.
e note that lel exists for sufficiently s Lo in f relation

3.2).

chemes requiring three arrays of storage

ntroducing an additional set of vectors z_ ! can ¢ ict schemes of
ype (2.2) by means of recurrence relations le type
0) _ ,(0)
n+l  Tn’ Zn+1 =0
(3 _ a7 Ly E_f(y(JTI) , (-0
3.6) n+l ] Yn+1 n n+l n+]
L3 _ (J (J 1) , (31 C
23 " J n+1 + h F f( 1 ; n+n jo=1,...,m,
(m)

. =
Tn+l n+i




ming Aj non-singular (this is implied by condition (3.2)), we may set
. 0 without loss of generality. In fact, given a recurrence relation
), it is easy to contruct an equivalent relation (yielding the same

) with Cj = (0. Comparing (3.6) with scheme (2.2), we obtain the fol-

.ng relations for Mj and lez
j
T 121 Al’ ,
-1 ] -1 -1 .
D) le = MjM1+1N1+1,1 + rzl+§%}g: B, 82i+2 DFip, 1=0,...,5-2
55-1 = Ej’ j = 1l,e..,m

cemark that, in general, the matrices Dj cannot be eliminated from this

aula, as they might be singular. However, it is easily verified that for
(i)
+1

i1itable transformation of z_ the matrices Dj will be of the form

I X
0 0

Stability requirements

To analyse the stability of scheme (2.2), we study the effect of a
turbation Ayn of y, on the resulting vector Yoe1 Let Jn denote the
obian matrix of the right hand side f(yn); then this perturbation is

roximately given by

i 1)
8) Ayn+1 = MjAyn + z h N..J Ay

9 j=l"",m’
1=0 @ jl n’n

alternatively by

(3) _ .
Ay 11 < Rj(thn)Ayn’ j=1,...,m,

8a) i-1
R.(h J ) =M, + h N..JR (hJ).
j nn ] 1=0 jl nl nn
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We will call method (2.2) stable if all the eigenvalues of Rm(thn)
re within the unit circle; when one or more eigenvalues are on the unit
ircle, the method will be called weakly stable. Integrating problems with

constant Jacobian with a stable method, the effect of a perturbation Ayn
i1l ultimately be damped out, as the k-th power of the amplification ma-
rix Rm(th) will tend to the zero matrix as k tends to infinity. Using
weakly stable method, the effect of Ayn will grow less than exponential-
y, the rate of growth depending on the number of coinciding eigenvalues

n the unit circle.

Next, we consider a finite interval of integration and let hn tend to
ero. Then, the eigenvalues of the matrix Rm(th) with multiplicity greater

han one may tend to onme, as is illustrated in the following example.

KAMPLE 3.2. Consider the second order method generated by (m=2):

° 0 0 ih
3.9) Ml = M2 = \O l/, NIO = N2] = \o ]/, N20 = < >.

>plication of this method to the differential equations

3.10) dy _ z, dz _ -4y -4z, y(0) = y,., 2(0) = z_,
X dx 0 0

ields the recurrence relation

2

- +2 - -
[ 2> (1=2+h" Sh=10n"\ /1 2> (yn> RO

Yn

(7n)
\z /"

n

(Tn+1)
310 \ Y, \ o 1—2h+h2/ (2 1 z

Although g(h) has a multiple eigenvalue, Hg(h)nﬂ is bounded by the
)nstant 1 + 5hn, as the off-diagonal elements of its Jordan—-normal form
‘e of order h. This suggests that we should consider amplification matri-
:s, whose Jordan form have off-diagonal elements of order h. In the fol-
owing lemma, we will show that scheme (2.2) has this property, provided

1at (3.1) and (3.2) are satisfied.
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. 3.1. The amplification matrix belonging to a generalized Runge—Kutta
d which satisfies the conditions (3.1) and (3.2), has a Jordan normal

with elements of order h in off-diagonal position.

' From the definition of the amplification matrix Rm(thn) in (3.8a)
he conditions (3.1) and (3.2) it is obvious that there exists a matrix

ch that
Rm(thn) =T + A and HAH2 = O(hn).

let B be the Jordan normal form of A, given by the unitary transfor-

nB=T A T '. From |B,.| < IBe,l < IBI_ = IAl_ = 0(h ) follows that
ij j 2 2 2 n

lements of B are of order h. As the Jordan normal form of Rm(thn) is

.by I + B, it is clear that all the off-diagonal elements of this

n form are of order h. O

LARY. The global discretization error of a generalized Runge-Kutta
d for h » 0 increases at most linearly with the number of steps, ©if
onditions (3.1) and (3.2) are satisfied, and the amplification matrix

igenvalues on or within the unit circle.

The above corollary suggests us to verify the stability of a general-
Runge-Kutta method for a given problem by proving that the eigenvalues
e amplification matrix are in modulus less or equal to one. However,
task is not as simple as in the case of ordinary Runge-Kutta methods,
s already observed by VAN DER HOUWEN [5]. The reason for this is that
nnot reduce a system of equations to a set of single equations, which
ore easily analysed, because the eigenvectors of the Jacobian matrix
r in general from the eigenvectors of the amplification matrix. This

‘iour may be illustrated in the following example:

LE 3.3. Consider the generalized Runge-Kutta method defined by m=2




pplication of this method to the model problem for hyperbolic equations

d dz
ﬁ == CZ, .d—}; = CY, Y(O) = yO’ Z(O) = zo’

ields the recurrence relation

l-%hzc2 -hc y
3.14) = 2 9 s n=20,...
z he 1-h" ¢ z
n+l n

1e eigenvalues of the amplification matrix are
Al g =1 - z-hzc2 + 1 thl—z]:hzc2 R
?

lese eigenvalues are in modulus less than or equal to 1 if 0 € he < 1.
When we try to uncouple system (3.13) by introducing the eigenvectors
! the Jacobian matrix, u = (]—i,l—i)T, v = (1+i,1—i)T, we can rewrite
7.13) and (3.14) as
du

) F—3 — 1 —d.—.v:
'.]33.) a; = icu, dx

v(0) = vy = (l—i)y0 + (1+i)zo,

+ icv, u(0) = u, = (1+i)yO + (]—i)zo,

! u l—§h2c2+ilu:—li hzc2 u

.14a) n+l 4 4 n 0,...
v

I
=]
1]

" 3i % 1-h%c’-i he v_

idently, the amplification matrix of (3.14a) is not a simple diagonal
trix, with as elements polynomials in ihc, as one would obtain in the

se of ordinary Runge-Kutta methods.

From this example we may conclude that the stability analysis of a

neralized scheme in terms of the eigenvalues of the Jacobian matrix is

general impossible. In order to derive a priori stability properties of
generalized scheme, we will restrict ourselves to a class of differential

uations which is characterized by the fact that the Jacobian matrix has

irs of purely imaginary eigenvalues. This particular choice is motivated
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> observation that this situation frequently occurs after discretiza-

»f partial differential equations of hyperbolic type. For equations

is type the following lemma may be applied.

3.2. Let R(th) be the amplification matrix of a generalized scheme
applied to a system of equations with Jacobian matrix I of order
ssume that the eigenvectors of Jn can be split into pairs (uk,vk),
7 eigenvalues Ay and Xk , such that

P(hr) Q(hA)
) R(hT ) (u,vy) = (u,v,) —— | = (y.,v,) Al ),

Q(hA,) P(hA,)
K =1,...,N, k k

(uk,vk) denotes the matrix consisting of the columis of U and Ve
and Q are polynomials. Then all the eigenvalues of R(th) are in
us less than or equal to 1, if both eigenvalues of all matrices A

n medulus less than or equal to 1.

. According to the assumption there exists a similarity transforma-

the columns of T are formed by the eigenvectors uy and Vi
,...,N. Using (3.15) we find

/Al 0
)

R(hJ ) T = T ) ,
n >
o

-1
at T R(th) T transforms R(th) into a (2x2) block-diagonal matrix.
each eigenvalue of R(th) corresponds to an eigenvalue of Ak’ for

index k, which implies the assertion of the lemma. O




Now we can define the stability region S of eme for which (3.1
10lds as the region in the complex plane of z va for which the eige
ralues of A(z) are within the unit circle. In pa: ar we will be in-
cerested in the <maginary stability boundary B. t is the largest
»ositive number such that 0 < z < Bim implies iz The most simple wa
o find S and Bim is the application of the Hurw iterion: the roots

)f the equation
az - S +P =0

le within or on the unit circle when the coeffic S and P are real a

satisfy the inequalities

\pplication to (3.15) yields the stability condi
2 2

(3.16) [P(z)|° - |Q=z)|” <1

and

2 Re P(z) < [P(z)l2 - {Q(z)|2 + 1.

iXAMPLE 3.4. When we consider the method describ example 3.3, we fi
2(z) = 1+2z2+z and Q(z) = —%izz. Substitution in inequalities (3.1

yield the conditions

%zz + 42 <0
and
22 < %24,
These conditions are satisfied for z = ia, a owe find B, = 1.

im
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qma 3.2 we did choose a special form for the matrices A in order to
n as characteristic equation a polynomial with real coefficients, on
| the Hurwitz criterion was applicable. We might have chosen for the
mts of A four different polynomials in hAk, and then we might have
ed the Schur criterion (see e.g. LAMBERT [7]) on the complex charac-
stic polynomial of A(hAk), thus relaxing the conditions of the lemma.
rer, the formulation chosen is more simple, and seems to leave enough
lom in the choice of the parameter matrices.

We now consider the question under what conditions the amplification
lx R(th) can be written in the form (3.15). Obviously, a sufficient
{tion is, that all matrices Mj and le, j=1l,ee0ym, 1 =0,...,3-1,

»f the form

al bl
) T T,

bl al
1e matrix of eigenvectors of Jn’ as in lemma 3.2). Substitution of
> matrices in (3.8a) will yield (3.15). Thus the stability conditions
5) can be applied to generalized schemes of which the matrices are
rated by (3.17), and the stability problem is reduced to the problem
inding suitable polynomials P(z) and Q(z).
In the following section we will construct some pairs of polynomials,
h are optimal in the sence that Bim is maximized. Here, we remark that
resulting scheme may be of little value if the matrices generated by
7) are not very sparse. However, for a model problem the matrices
7) may turn out to be sparse, and we may hope that the thus constructed

me has good stability properties-for less trivial problems, too.

PLE 3.5. Assume that the Jacobian matrix Jn of a problem has a matrix

ormalized eigenvectors T, which consists of 4 blocks,

U U
8) T

v -V




hen it

n fact

eing a
educed

Ma
ropert
C, and
tabili
zing t

(equa

. GENE

In
nd ord
e only
mongst
ry, th
erivat
xample
omials

ound b

he mat

o al bl _
erified that the matrices T T ° are sparse.
bI aI
ar b1\ /ol V! [i(a+b)T 0
bI aI g h 0 1(a-b)1 ’

trix; the number of non-zero elements may be further

ces a=b and a=-b.
0
C
r we may choose U to be the eigensystem of the matrix
0 B

c O). The
of problems of this type may thus be performed by anal-

e form ( g), with purely imaginary eigenvalues, have

where A is the matrix of eigenvalues of (

of the model problem (3.13) with approriate values of

ulus of the eigenvalues of the Jacobian matrix).
ND ORDER FORMULAS FOR A RESTRICTED CLASS OF EQUATIONS

n we will construct m-point formulas, which are of sec-
J

ems with a Jacobian matrix of the form J = Jli JéZ
formulas using at most two or three arrays of storage;
ied to optimize the effective imaginary stability bound-
f the imaginary stability boundary and the number of

ons (which need not be equal to m, as was shown in
ptimization was done by choosing optimal pairs of poly-
z). Schemes corresponding to these polynomials are

tting
+)I (-i)T
)T (1+i)T

wectors of problem (3.13).
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Stabilized second order formulas

We assume that the Jacobian matrix J may be written as a 2 patrix
matrices as entries (possibly originating from a system of irtial
erential equations) and that J22 is the zero matrix. Conside ren—
ized schemes (2.2) with k=2, we derive from table 3.2 (and g ly

the relations for second order consistency:

(1 _ (2) _
Mm =0, Mﬁ =0
m—1
Z leg) =1, z N(l)
1=0
) m-1
0
z ( )( »q) M( )(r,s) =0, Psq,Tr,s € {1’2} ! + 4,
1=0 ™
m—1 0)
120 (p,q) Z N ) (x,8) = 18 Sre> PrrTss € {1,2} 44,
definition (3.8a) it follows that the amplification matrix ‘en
m—1 m-1
R (h
(b ) =M+ h ENlJR(hJ) Mo+h )N JM
1=0 1=0
2 m—1

3
+h Y N_.J YN, JIM +h°...
120 ml n k=0 1k an ’
rat, using (3.1), (3.2) and (4.1) we find

2.2
= 1
) Rm(th) I+ th + zh J + O(h ).

ning that notation (3.15) is applicable, we see that the pol 1s

1 Q can be written as

23 + ... +p zm

l+z+%z2+p3 . ’
m

q3z3 + ... + qum.

) P(z)

=

Q(z)




low, we try to choose the parameters Pgse«+>P and q3,...,qm

‘hat the conditions (3.16) are fulfilled for 0 < -iz < Bim’

;im as large as possible.
—point formulas:

For a 2-point formula we have Pz(z) = 1+z+%z2 and Qz(z)
jubstitution in (3.16) shows that the Hurwitz conditions are

mall imaginary values of z.
i=point formulas

Substitution of P3(z) and Q3(z) in (3.16) yields the co

4 6,2 2
1 + 2 %-2p3) + z (q3-p3) <1
ind

4

2+ 2% <2+ 2" (2py) + 2° (@ipl).

results in

[t is easily verified that the choice Py = 43 = %

stability boundary Bim = 2.
tulti-point formulas

Let us define the polynomials

R I N O] R [ O E I A S

(4.4) and

2 Re Pm(z) =2 + 22 + w z4 + ...+ kazz

2
wm(z ) 4

Je now can express the Hurwitz-conditions (3.16) in terms of

follows:

V (s) <1 (s = 22 < 0)
m

(4.5) W (s) - V.(s) +1,
m m

~W (8) 2V (s) + 1.
m m

ch a w

value

and

ted fo

timal
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timum is achieved for

2
2 2 .
Vm(s) = 1 and Wm(s) =2 Tk(—g—-+l), where B = 4k™, and Tk(x) is

the Chebyshev polynomial of
degree k.

Unfortunately, we cannot find Pm and Qm related according (4.4) to
jolynomials V_ and Wm as given by (4.6) for all values of m. However,
m

ydd values of m we did find polynomials satisfying (4.4), namely

2

_ 1 1.2 z _ _ 14
Pm(Z) = Z{l + z + 32 ) Tk(——-i' + 1) 1 82 }
2k
and
2
= - - - 1
Qm(z) Pm(Z) 1 -z - 1z",

vle 4.1 we list the polynomials Pm(z) for m=3,5 and 7.

Table 4.1, Optimal polynomials Pm(z) for m=3,5 and 7.

2 1.3
P3(z) =1+z + z" + 32
2 5 3 1 4 1 5
= 1 2 1 1
PS(Z) 1 + 2z + 327 + 32z + 32z + 2
2 35 3 1 4 14 5 1 6 1 7
= 1 22 iad —
Po(2) =1 + 2+ 32 + 702" + 552 5552 *rsg 2+ 55767 -

JImost second order formulas using two arrays of storage.

n the derivation of the Runge-Kutta matrices Mj and N. we will only

. Jjl
er the case that these matrices do not depend on the stepsize h. From

mdition (3.5) for schemes only using two arrays of storage, together
he conditions (3.1) and (3.2), we find that Rm(th) is given by

m—1

Rm(th) = lr=10(1 + hN1+1’1Jn).

vl
g N = k 1 ) , and substituting for T and Jn in the rela-

0 BII




[P
Q (ha) P (
he matrix of eigenvector

e obtain the stability c

bviously, (4.8) and (4.9
; and uj,so that we may
rder scheme with optimal
ave found second order s
owever, we did remove th
onstructed are only of s
econd order equations wi
irst order equations).
Now, we can easily c
4.9) for polynomials Pm

ient set of formulas is
4.10) My SR T op

t is easily verified tha

hereas substitution in (

Rm(th)

acobian of the model problem (3.13),

L 2 .(k sums, last term is B for

ot k even, else u)

R Z .(last term, is p for

e=1 k even, else )\), k = 3,...,m.

nditions for consistency of order two:

i-l Iil JEI
1 1
. W = 3, u. B = 2>
J =1 K j=2 3 k=1 K
m j-1
, ) M L =3
j=2 k=1

(2m+1) equations in the (2m) unknowns
o find a solution yielding a second
Pm(z) and Qm(z). Of course we could
mitting less optimal Pm and Qm.
stency condition, so that the schemes
if J11 = 0 (e.g. which is the case by.

derivatives, written as a system of
parameters Bi and uj from (4.8) and
by (4.6a). However, a more effi-
relations

— —]_ =
=0, nogq = B = m = 2k+1.

four relations of (4.9) are satisfied,

for m=3,5 and 7 the polynomials




53(2) R I P éZB, 53(2) = %23,
P2 = 14z 12" + f%%ZS * 5%24+ 1;,225 * 142826 * 1729627’
Q,(2) = 7%23 + 4;625 + 17296u7.

: polynomials are different from those listed in table 4.1 for m=5 and
however, they satisfy the relations (4.4) and (4.6), so that the im-
ary stability boundary Bhn is again equal to 2 (m=3), 4 (m=5) and 6
). The advantage of the formulas given by (4.10) lies in the fact that
unge-Kutta step only (k+1) evaluations of the first component of the
t hand side of (1.1) are required, and k evaluations of the second
onent. Thus, the computational work is approximately m/2 right hand

evaluations. Defining the effective stability boundary B as the

eff,im
ient of Bim and the number of right hand side evaluations per Runge-

2 step, we obtain values as listed in table 4.2.

able 4.2. B. , B . and the number of right hand side evaluations
im’> "eff,im

Scheme |generated by B. number of r.h.s.eval.| B .
im eff,im
P3 and Q3 from table 4.1 2 <3 >.67
53 and 63 from 4 .11 2 1.5 1.33
P5 and Q5 from table 4.1 4 <5 >.80
55 and 65 from 4.11 4 2.5 1.60
P7 and Q7 from table 4.1 6 - <7 >.86
57 and 57 from 4.11 6 3.5 1.71

these results we expect that all schemes generated by (4.10) have,
odd values of m, a Bim equal to m-1. For large values of m we would

obtain a Be which is approximately equal to 2. However, we did

ff,im
succeed in proving this relation for all odd m. Finally, we remark that
schemes generated by (4.10) locks like the "symmetrized-scheme' pro-

d by VAN DER HOUWEN [4] for the integration of the shallow water equa-

s. We intend to apply our schemes to these equations in the near future.

s
P LU R TR ol i
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.3. Second order formulas using three arrays of storage.

When we allow ourselves three arrays of storage, it turns out to be
>ssible to satisfy the conditions for second order consistency (4.1) and
>r stability (4.8). Thus, we will try to reduce the number of right hand
ide evaluations per step. For that purpose we consider two subclasses of
zhemes defined by (3.7).

First we choose Aj=I’ Bj=+I’ Dj=0, Ej=—Fj, j=1,....,m, which yields

or N.. and Mj the relations

jl
4.12) My= 1, N, =0, j=1l,...m, 1=0,...,j-2.
u.I
riting N. = (3 ), as in the previous section, we find the fol-

J:j—l

0 B.I -
J

>wing relations for uj and Bj:

" = = = = = -]-

+.13) =B =1 Hoboer = Mofoor = BoMood s
P = P i¥meo cmekel T BptmeiPao2ttt tmeken) /2
Y = OpPuoine2t e nokrn T PafmetBoe2tt meken)/2:

r given P, and U the parameters uj and Bj can be determined easily. Th
:sults, corresponding to the polynomials gm(z) and Pm(z) as listed in

»rmula (4.11) and table 4.1 are given below:

10
2
t.14a) m = 3, N32 =1, N21 = %I"NIO = > .
0 O
1 3 O\ /% 0
b 141D) m=5, N54 I, N43 =3I, N32 = 8 l/ 5 N21 =1 E
0 3 \9 5
10
s N =
10 0 0
. /19 0> 1 19 0
b.lbc) m=7, N, _=1I, N _=11, N =— N, ., = ==
6 3 2+ 9
7 65 54 54 0 16 43 76 0 16
1<2 0 [ [2 0 , (1 d>
, N =< N, = N, = -
2 2 bl
3 9 0 1 21 12 0 1 10 6 0 0
/5 0 0 0
| = = = 1 = =
4d) m=5, Ny, =I,N.={I, N, 8 » N, L)
0 0 0 5
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2
|

(% 0>
10 0 0

35 0 0 0
= = = .l. = A —
m 7, N76 I, N65 31, N54 54 s N43 8 s
0 O 0 35,
14 0 0 0 1 0
s N =1 27 s N = " s N = .
32 0 0 21 0 58 10 0 0

the schemes (4.14d) and (4.14e) are more efficient than (4.!4Db)
), as more zeros appear in the matrices. In table 4.3 we mention
ive stability boundary for these schemes.
we try to maximize the number of zeros in the parameter matrices
seems to impose a too severe condition. However, schemes requir-
m+1)/2 right hand side evaluations can be constructed, when we

he class of formulas given by

le = 0, j = ]’-.-,m, 1= 1,...,j-2, and Nmo = 0’ Mj = I,

i=1,...,m, Nio = Nios i=2,...,m1.

tency conditions now read

By =B = b Gupr ) = u (B i+ ) = B (uytu ) =

Nl

m-1 m-1

e coeeficients of the stability functions are given by

P ¥ q S w By ('1+'m-k+1); (. stand for u, if k is odd,
‘ else B)
P = S B Mo e ('l+'m—k+l)’ (. stand for B if k is odd,

else ).

he coefficients p and qk as given in formula (4.11), we obtain
k

ing schemes:




0 0
4.16a) m= 3, N32 =1, N21 = o N20 =
0 3
0 O
4.16b)  m =5, No, =1, N, = AR
0 3 )
<% 0>
N =N = N =N = .
40 30 20 10 0 0
0 O
4.16c) m=7, N76 I, N65 = o . N54 =
2

0 O

0 1

> J N60=N50=N40=N30=N20=N10=<

i 0\
(o o)
0 0 o0
0 ’N21=(0 1>’
0 0 o
0 ’N“:(o >

X -

0>
0 0

he effective stability boundaries of these schemes are given in table

.3.

As the matrices le are sparse, implementation of these schemes usir

ot more than three arrays is possible, too.

able 4.3. The effective stability boundary of the schemes (4.14) and (4.1

Scheme Bim number of r.h.s.eval. Beff,im
4.14a 2 24 .80
4.16a 2 2 1.00
4.14b 4 4 .89
4.144d 4 34 1.14
4.16b 4 3 1.33
4.14c 6 63 .92
4.lbe 6 41 1.33
4.16¢c 6 4 1.67
IMARK. When we apply the schemes determined by (4.10) to the second orde
juation éf% = g(y), we obtain the relations:
dx
1) m=3: y =y +hy + %hzg(y +thy'),
n+l n n n n
! A yn+l_yn '
T " Yn
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w5 =y, v i,
a1 =T A gl
Yp#1 = Vn T hy' h g( éii) * h g( iii)’
y;+1 = y; + zhg(y( )) + hg(y ( ))

hese formulas require only two arrays of storage, they.are more eco-
.cal than formula (2.5), which requires three arrays. We mention that
s formula, which was devised for second order equations without first
lvatives in VAN DER HOUWEN [5], can be constructed by the methods de-
.bed in this report, too. In fact, let us consider almost second order

q rs
.ed for r=s=p=q=1), which use three arrays of storage. Setting

s =1 -
wlas (the condition zj le(p,q) Z le(r,s) 26P 8§ need not be sat

I 0 0 0 . .
N = and N = , and using PS(z) and QS(Z)

54 0 0 53 0 I

(4.11), we obtain formula (2.5) by a relation similar to (4.13).

—

Strongly stable formulas.

The formulas generated in the preceding sections are only weakly sta-

as their associated polynomials P(z) and Q(z) satisfy (3.16) with the
1lity sign. Indeed, it is easily verified that their amplification fac-
- a are exactly in modulus 1. Strongly stable formulas, whose amplifi-
on factors are bounded by a damping function vp(z), can be constructed
.escribed by VAN DER HOUWEN [5].

Instead of the conditions (3.16) we now satisfy

P " - [a@)]|? < o(2)
7) and
]Ro P(z)| < p(z).
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2

, the derivation of

' 1
jetting again (cf. (4.6)) Q(z) = P(z) -1 -z - 3z
e P(z) is completely analogous to the derivation of S(z) in [5]. There-

‘ore, we suffice with giving the resulting polynomials, together with their

3. , for m=3,5 and 7.
im

2 1 € 3 = Jicoe
14 = 1 - —_ = = -
\4'18) P3’€(Z) =1+ 2z + 2z + (8 + 284)2 s Bim B 4 28’
. . . €z
lhe related damping function is p(z) =1 - =
B
2 2 2
-2e, 3 -2 -2¢ 5
Po () =14z et + (S B9 JEE L B,
2€ 28 28 28 48
(4.19)
B. =B = Y/8(1+/1-¢).
im
ez4
\gain, the related damping function is p(z) =1 - 7 -
g
2 35 e, 3 1 € | 4
= 1 =22 4 & 4 £
Pre(@ =1 +ztaz + G+ gz + 7 + 5592 +
14 S¢ . 5 bte . 6 Lo bre T _ 3
* G5 * 759207 * GGgzp)z * i(ggzpE s By, T Bm 6ge
(terms of order €2 are neglected).
3e 4 2 6
'he damping function related to P (z) is p(z) = 1 - 255" - 282
7,€ 84 86

low, using the above

ials P(z) and Q(z), we

va

y means of (4.8) or (4
mnly few zeros compared

nes for € = 0, the use

lues of the coefficients Py and 9 of the polyno-
can compute the Runge-Kutta parameters Uj and B.
-13). As the schemes computed by using (4.8) contains
to the schemes (4.10), which are exactly the same

of a damping substitute for (4.10) does not seem

ppropriate.
However, using (4.13) for the calculation of the My and Bj, we find
nly slight modifications of (4.14a), (4.l4d) and (4.14%) . The resulting

arameter values are listed in table 4.4,




[able 4.4 Runge-Kutta parameters for

d order strongly stable scheme

27

ciated Damping B = Bim R meters
nomials | function
824 |
(z) 1-—2 Vi-2¢ H 1
E
B
u 3
2¢e
H + gz’ 0
4
_(2) -5 BO+/1-€) |u 1
B
u 3
2
" 2B -2¢ 0
2
48~ - 8¢
H A 2
B + 4B" -4e
u 0
-3 z4 25263
(z) 1282 482 v36-9¢ u 1
€ 4 6
B B” |
u 3
+€
u 4— 0
32+3¢
H 140+4e
448+45¢ 0
H 32+3¢
16+4¢
H 448+h5¢
u 0




e first order formulas defined by (4.10) are the most efficient ones
yield optimal values of Beff,im’ especially for large values of m,

e minimal storage requirements. These formulas might be used when

w accuracy is requested, or when the Jacobian matrix of the system

olved has a small component matrix Jll'

en one is interested in higher accuracies, the second order formulas

y (4.16) and in table (4.4) may come into consideration. The former

s are weakly stable, just as the first order schemes the latter

y stable at the cost of an additional ! function evaluation. We ex-

at the weakly stable formulas will be the most efficient if the

f integration is short, whereas the strongly stable schemes will be

r for long ranges. In a next paper these suggestions will be veri-
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